The zeta function ζ(x) is defined by (1)
The value of ζ(2k) is well-known by Euler ζ(2) = π 
, while that of ζ(2k + 1) is less-known (except for ζ(3) is irrational by Apéry). See [1] and its references. The textbook [2] is also recommended.
Therefore it is desirable to express ζ(2k + 1) in terms of {ζ(2k)|k ≥ 1} like
where {c n |n ≥ 0} are constants.
In this note we revisit the problem and give a method by use of only a few elementary works by Euler. It is most elementary 1 as far as we know.
Let us start by listing well-known works by Euler :
(a) sin x = e ix − e For the sake of non-experts who are interested in the zeta values we show our method with simple example (c), which is very instructive. Namely, we calculate the integral
in two ways by use of (a) and (b).
Here we list some well-known integrals related to (4)
for the convenience of readers.
(I) Calculation by use of (a)
where we have used the Taylor expansion
Since it is easy to see
we obtain
where we have used the principal value
As a result we have ζ(2) =
automatically and the equation (c).
A comment is in order. Our proof is not rigorous in the mathematical sense because the convergence radius of (5) is ignored. On the other hand, it is very clear why ζ(3) appears in the process of calculation.
(II) Calculation by use of (b)
Let us calculate the last term. By the change of variables (
and using the Taylor expansion
As a result we have
By comparing (I) with (II) we obtain the expression of ζ (3) ζ(3) = 2π
However, our expression (9) is of course not new, see for example [4] or [5] .
By the way, the expression by Euler is different from ours :
see [1] . Therefore these two expressions give the (interesting) equation
In the following we generalize the method above to obtain the equation (3) . For that purpose we consider the integral
It may be reasonable to call this the Euler integral.
We calculate (12) in two ways by use of (a) and (b).
(I ′ ) Calculation by use of (a)
In a similar way in (I) it is easy to see
In order to calculate the last term (which is not so easy) we make use of the trick. From
we differentiate the equation above 2l − 1 times with respect to n (−2i)
where we have used the Leibniz's rule of differentiation, so
By noting
(by dividing the summation into j = 2k (k = 0, · · · , l − 1) and j = 2k − 1 (k = 1, · · · , l − 1) )
From this equation the imaginary part must be zero, so we have
Here, if we asuume
then the equation above is rewritten in a compact form
From this we have the recurrent relation
Let us list some examples :
Next, from the real part of the equation we have
Let us list some examples : In a similar way in (II) it is easy to see
Therefore we have
By comparing (15) with (16) we have the main result
For examples, However, our expression is different from this.
In this note we gave a simple method to obtain some deep relations among zeta-values by calculating the Euler integral (in our terminology). The method is systematic and most elementary as far as we know. Moreover, it must be fresh for not only non-experts or students but also experts in Elementary Number Theory.
We conclude this note by stating our dream. We are working in some field of Quantum
Computation, so we dream that the Riemann conjecture will be finished by it.
